Abstract-DNA storage has emerged as an important area of research. The reliability of DNA storage system depends on designing the DNA strings (called DNA codes) that are sufficiently dissimilar. In this work, we introduce DNA codes that satisfy a special constraint. Each codeword of the DNA code has a specific property that any two consecutive sub-strings of the DNA codeword will not be the same (a generalization of homopolymers constraint). This is in addition to the usual constraints such as Hamming, reverse, reverse-complement and GC-content. We believe that the new constraint will help further in reducing the errors during reading and writing data into the synthetic DNA strings. We also present a construction (based on a variant of stochastic local search algorithm) to calculate the size of the DNA codes with all the above constraints, which improves the lower bounds from the existing literature, for some specific cases. Moreover, a recursive isometric map between binary vectors and DNA strings is proposed. Using the map and the well known binary codes we obtain few classes of DNA codes with all the constraints including the property that the constructed DNA codewords are free from the hairpin like secondary structures.
I. INTRODUCTION
T HE exponentially increasing demand in data storage forces to look into every possible option and DNA (DeoxyriboNucleic Acid) data storage has come out to be one of the most promising natural data storage for this purpose [1] . After the first striking implementation of large-scale archival DNA-based storage architecture by Church et al. [2] in 2012, followed by encoding scheme to DNA proposed by Goldman et al. [3] in 2013, researchers have taken great interests on the construction of DNA-based information storage systems [4] , [5] because of it's high storage density and longevity [2] , [3] , [6] . DNA consists of four types of bases or nucleotides (nt) called adenine (A), cytosine (C), guanine (G) and thymine (T ), where the Watson-Cricks complementary bases for A and C are T and G respectively and vice versa. To store data into DNA, data need to be encoded into strings on quaternary alphabet {A, C, G, T }. The set of encoded DNA strings (also called DNA codewords) on the quaternary alphabet is called DNA code. For a DNA string, the complement is a DNA string obtained by replacing each nucleotide by it's complement. Similarly, for a DNA string, the reverse DNA string is a DNA string in reverse order, and the complement of the reverse DNA string is called reverse-complement DNA string. The encoded strings are synthesized using DNA synthesizer for Krishna Gopal Benerjee, Sourav Deb, and Manish K Gupta are with Laboratory of Natural Information Processing, Dhirubhai Ambani Institute of Information and Communication Technology Gandhinagar, Gujarat, 382007, India, e-mail: (krishna gopal@daiict.ac.in, sourav deb@daiict.ac.in and mankg@computer.org). the purpose of writing into DNA strings and the synthesized DNA strings has been stored in appropriate environment. To extract the source data, the stored DNA strings are read using DNA sequencing.
During synthesis and sequencing the DNA strings, errors occur. The errors can be reduced by choosing good encoding scheme for the DNA strings. Therefore, it is important to study the source of errors. Generally, insertion or deletion of repeated nucleotides occur frequently for DNA strings with consecutive repetitions of a specific nucleotide (e.g. ACGGGGAT ) or of a block of nucleotides (e.g. AGATATATGC) up to certain length [7] - [10] . In addition, during DNA sequencing of a DNA string with consecutive identical block repetition(s), the DNA string gets misaligned more frequently [9] . So, a DNA code is preferred in which each codeword does not have consecutive repetition(s) of a specific nucleotide or of a block of nucleotides. In this article, such DNA strings are called conflict free DNA strings. In literature, DNA codes without homopolymers (DNA string with consecutive repetition of a nucleotide) [11] - [15] and without consecutive repeats of blocks [10] , [16] are studied. On the other hand, in this work, the considered conflict free DNA strings are not only free from homopolymers but also free from consecutive repetition of blocks of nucleotides.
In a single stranded DNA, if there exists two sub-strands such that one is reverse-complement of another then the single stranded DNA folds back upon itself and forms antiparallel double stranded hairpin like structure (also called hairpin loop or Stem-loop) [17] - [20] . An example of such hairpin like structure is illustrated in Figure 1 . For DNA sequencing, it is preferred to avoid such secondary structures [18] . In this work, the conflict free DNA codes are constructed such that all the codewords are free from hairpin like structures with stem length more than 2.
A DNA string can be read using specific hybridization between the DNA string and it's complement DNA string [21] . If DNA strings in a code are not different enough among themselves then nonspecific hybridization will occur and it will be a prominent cause of error. Therefore, a set of DNA codewords is preferred in which DNA strings are sufficiently different among themselves. From Metric theory, Hamming distance between two strings of same length over same alphabet is the number of positions in which the symbols in the strings are different. So, construction of DNA code with Hamming constraint (ensures the difference among DNA codewords), reverse constraint (ensures the difference between DNA codewords and their reverse DNA strings), and reversecomplement constraint (ensures the difference between DNA codewords and their reverse-complement DNA strings) is preferred. In literature, DNA codes with reverse and reversecomplement constraints are constructed from finite fields and finite rings in [22] - [25] .
The thermal stability of a DNA string depends on GC content (the total number of G ′ s and C ′ s) in the DNA string [26] . On the other hand, the high GC content leads to the insertion and deletion error during polymer chain reaction (PCR). Therefore, such DNA codes are preferred in which each DNA codeword has the same GC content and equal to almost half of it's length and the constraint for the DNA codes is called GC Content constraint. In [25] , [27] - [29] , DNA codes with balanced GC content are studied. DNA codes with reverse, reverse-complement and GC content constraints are studied in [29] , [30] . In [31] , the lower bound on size of DNA codes with GC content and reverse-complement constraints are revised. In fact, DNA codes with balanced GC content and without homopolymers are also studied in [13] - [15] , [32] .
A DNA code which meets multiple constraints at the same time is capable to reduce multiple type of errors efficiently during reading and writing into DNA strings. In literature, an algebraic solution for DNA codes with all the constraints is not studied yet. In this work, an algebraic structure for family of DNA codes is proposed where the constructed DNA codes meet all the constraints such as Hamming, reverse, reversecomplement, and GC Content constraints. Apart from that, all the DNA codewords do not have any consecutive identical sub-string(s) up to certain length. In addition, these codewords are free from hairpin like secondary structures. In this paper, an algorithm is given which calculates the DNA code with the property that each DNA codeword does not have any consecutive repeated sub-string of any length. In addition, DNA codes with Hamming constraint, reverse constraint, reverse-complement constraint, and GC Content constraint are obtained. For a DNA code with all the constraints, the obtained code size is improved for some specific parameters as given in [33, Table I ]. Further, family of DNA codes have been obtained with Hamming, reverse, reverse-complement, and GC Content constraints, where each DNA codeword is free from hairpin like secondary structure and repetition(s) of any consecutive identical sub-string(s) up to certain length.
In Section II, preliminary for DNA codes are discussed. Complete conflict free DNA codes with all the constraints are studied in Section III. A recursive mapping from binary strings to DNA strings is discussed in Section IV, which also is an isometry between a newly defined distance over binary strings and Hamming distance over DNA strings. The conditions on binary strings are obtained, which ensure the constraints on encoded DNA strings in the same section. In Section V, a family of DNA codes are obtained from binary Reed-Muller codes. VI concludes the work.
II. PRELIMINARY
A code C (n, M, d) over an alphabet Σ of size q is a set of M distinct strings (also called codewords) each of length n and the distance between any two distinct strings is atleast d. Codes over {0, 1} and Σ DN A = {A, C, G, T } are called binary codes and DNA codes (denoted by C DN A ) respectively. For various applications, codes with various distances (such as Gau distance [22] ) are studied in literature. In this work, DNA codes with Hamming distance and binary codes with a newly defined distance are studied. For any strings x and y in Σ n , the Hamming distance d H (x, y) between the x and y is the total number of positions at which they differ. For a code C ⊂ Σ n , the minimum Hamming distance is d H = min{d H (x, y) : x = y and x, y ∈ C }. For a field or a ring defined on the alphabet Σ, if each codeword of a code is a linear combination of rows of some matrix over Σ then the code is called a linear code and the matrix is called the generator matrix of the code.
For a DNA string x = (x 1 x 2 . . . x n ) ∈ Σ n DN A , the reverse, complement and reverse-complement DNA strings of x are If the total number of G's and C's in each codeword is same and equal to g then the code satisfies g-GC content constraint. For a specific case g = ⌊n/2⌋, the ⌊n/2⌋-GC content constraint is called simply GC content constraint. Consider a DNA code C DN A with minimum Hamming distance d H . For each x ∈ C DN A , if (i) x r ∈ C DN A then from the distance property of code, d H (y, x r ) ≥ d H for each y ∈ C DN A , therefore, the code satisfies the reverse constraint. Similarly for each x ∈ C DN A , if (ii) x rc ∈ C DN A then again from the distance property of code, d H (y, x rc ) ≥ d H for each y ∈ C DN A , and hence the code satisfies the reversecomplement constraint. In consequence researchers are curious in construction of DNA codes which are closed under reverse and reverse-complement DNA strings [22] . Thus motivated, we construct set of DNA strings for given length such that those DNA strings satisfy multiple constraints. In the following lemma, the distinct DNA strings with multiple constraints are enumerated. Proof: Note that for any codeword x in C DN A , if x r , x c ∈ C DN A then x rc ∈ C DN A . Therefore, from the definition of a code with minimum Hamming distance d H , for any codeword x in C DN A , if x r , x c ∈ C DN A then the DNA code C DN A is closed under Hamming, reverse and reverse-complement constraints with the minimum Hamming distance d H .
In a single stranded DNA, if there exist two sub-strands such that one sub-strand is the reverse-complement of another sub-strand then the DNA strand fold back and attach the both sub-strands to each other and forms hairpin like secondary structures with stems and loops of certain length. Short loops which are less than three bases long are highly unstable. The stem size of more than 2 bases long reasonably approximates the hairpin like structures. The single stranded DNA AT ACGCGAAT GCGTGC, considered in Figure 1 , contains the reverse-complementary sub-strands ACGC and T GCG (see the bold sub-strands). The sub-strands are attached to each other and forms a stem of length 4 base pairs, and a loop of size 4 bases long. One can easily observe that, for given positive integers n and m (≤ n/2), consider DNA strings of length n reduces as m increases. such that each DNA string does not contain two sub-strings each of size more than m − 1 and both the sub-strings are reverse-complement of each other. The total number of such DNA strings reduces as m decreases. So, it is reasonable to consider m = 3. Therefore, in this work, DNA strings are considered to be free from hairpin like structures with stem length of more than 2 bases long. For example, the DNA string ACAT CG is free from reverse-complement sub-strings because the reversecomplement of ACA is T GT and T GT is not a sub-string of ACAT CG. The reverse and reverse-complement DNA strings GCT ACA and CGAT GT are also free from reversecomplement sub-strings.
III. ON COMPLETE CONFLICT FREE DNA STRINGS
In literature, errors are frequent for the existence of homopolymers and consecutive repetition of same sub-string of certain length in DNA during synthesize and sequencing the DNA [7] - [10] . Therefore, specific construction of DNA codes are preferred which excludes any DNA codeword that contains homopolymer or consecutive consecutive repetition of same sub-string of certain length. For such DNA codes, we define the following. For example the DNA string AT CAT CG is 2 conflict free because any two consecutive sub-strings of same length (≤ 2) are not same, i.e., the DNA string does not contain any of the DNA strings AT AT , T CT C, CACA, CGCG, AA, T T , CC and GG. But, AT C is repeating twice in the DNA string, so the DNA string is not 3 conflict free. Note that, 1 conflict free DNA strings are also known as DNA strings free from homopolymers in literature [11] - [15] . Also note, for positive integer ℓ (≥ 2), an ℓ conflict free DNA string is also ℓ − 1 conflict free.
Remark 6.
A DNA string is ℓ conflict free if and only if the complement of the DNA string is also ℓ conflict free. Note that the result also holds for reverse and reverse-complement DNA strings. Now, for a positive integer ℓ, the ℓ conflict free DNA code is defined as following. For example, the DNA code {ACT G, T GAC, CAGT, GT CA} is 2 conflict free DNA code, because each DNA codeword is 2 conflict free DNA string. Many computational approach to construct DNA codes with some additional constraints are studied in literature [25] , [31] , [34] - [36] . In this work, ℓ conflict free DNA codes are constructed using stochastic local search in a seed set of ℓ conflict free DNA strings such that each DNA string has a fix GC content constraint. The computational construction for ℓ conflict free DNA codes is given as follows.
Construction 8.
For given positive integers n, ℓ (≤ ⌊n/2⌋) and g (≤ n), let S ∈ Σ n DN A be the set of all ℓ conflict free DNA strings such that GC content of each DNA string is g. For a sub-set R of random cardinality and containing DNA strings which are randomly selected from S, compute
For example, consider n = 3, ℓ = 1 and g = 2.
The seed set will be S = {ACG, AGC, CAC, CAG, CGA, CGT, CT C, CT G, GAC, GAG, GCA, GCT, GT C, GT G, T CG, T GC}. Note that, for R = {CAC, CGT, ACG, T GC}, the 1 conflict free DNA code with GC content, reverse and reversecomplement constraints is C DN A = {CAC, CGT, ACG, T GC, GCA, GT G} of code size M = 6 and minimum
For a given DNA string, the computational complexity to determine whether the DNA string is ℓ conflict free (using Definition 5) is more than the computational complexity to determine the GC content of the DNA string. Therefore, in order to construct the seed set for the Construction 8, one can reduce the computations by removing DNA strings without GC content g first and than DNA strings which are not ℓ conflict free from the complete set Σ n DN A . For given length n and distance d, the maximum size of code is subject to interest among researches. Now, similar to [21] , some notations for maximum size of ℓ conflict free DNA codes are introduced here. Let A cf 4 (n, d H , ℓ) is the maximum size of a DNA code with length n and minimum Hamming distance d H such that each DNA codeword is ℓ conflict free. Similarly, for ℓ conflict free DNA codes, A cf,r 4
the maximum size of ℓ conflict free DNA code with reverse, reverse-complement and GC content constraints respectively. The maximum size of the ℓ conflict free DNA code with GC content, reverse and reverse-complement constraints is denoted as A cf,GC,r,rc 4
The relation among the size of ℓ conflict free DNA codes with additional constraints are given in following theorem.
Theorem 9. For a positive even integer
and for a positive odd integer n,
Proof: Similar to the proof of [21, Theorem 4.1], the proof follows the fact that, for even n and
Remark 11. For positive integers n, ℓ (< ⌊n/2⌋) and
Remark 12. For positive integers n and d
is the maximum size of a DNA code with GC content and reverse-complement constraints.
For n = 1, 2, . . . , 10 and ℓ = 1, 2, . . . , ⌊n/2⌋, the lower bound of A cf,GC,r,rc 4 (n, d H , ℓ) (maximum size of ℓ complete conflict free DNA code with Hamming, reverse, reversecomplement and GC Content constraints) is calculated using the Construction 8.
For n = 1, 2, . . . , 10, g = ⌊n/2⌋ and ℓ = 1, 2, . . . , ⌊n/2⌋, the maximum sizes for DNA codes with various parameters are listed in Table II , where the DNA codes satisfy reverse, reverse-complement, GC content constraints and each codeword of the DNA code is ℓ conflict free. For given n and ℓ, first the seed set S is obtained such that each DNA string in the set contains ⌊n/2⌋ GC content. Further, for a random sub-set R of the set S, the ℓ conflict free DNA code C DN A = R ∪ {x r , x c : x ∈ C } is obtained. From the seed set S, the sub-set R is generated 10 6 times and, for each sub-set R, given n and ℓ, the lower bound in the Table II is the maximum size which is obtained among all the ℓ complete conflict free DNA codes. If a DNA string of length n is ⌊n/2⌋ conflict free then, from Definition 5, there does not exist two consecutive identical sub-strings of same length in the DNA string. Therefore, the DNA string is free from consecutive repetition of DNA substring(s) of any length and such DNA string can be called complete conflict free. This motives the following definition. For example, {ACGT, T GCA, AT CG, CGT A, GCAG} is a complete conflict free DNA code i.e., each codeword is ⌊4/2⌋ = 2 conflict free. The complete conflict free DNA code can be constructed using Construction 8 by taking ℓ = ⌊n/2⌋.
Note that, for a positive integer n, if z ∈ S(n) then z r , z c , z rc ∈ S(n), where S(n) is the set of all complete conflict free DNA strings each of length n. Also note, any DNA code C DN A ⊂ S(n) is always be a complete conflict free DNA code.
The lower bound of A cf,GC,r,rc 4 (n, d H , ⌊n/2⌋) is enumerated in Table II (n, 1, ⌊n/2⌋), for a positive integer n. Therefore, from the Remark 6 and Definition 13, A cf,GC,r,rc 4 (n, 1, ⌊n/2⌋) = |S|, where |S| is enumerated at
Step 4 in Construction 8. Therefore, for n = 1, 2, . . . , 10, the listed values A cf,GC,r,rc 4 (n, 1, ⌊n/2⌋) are tight. Similarly, from the definition of Hamming distance one can observe that, for any odd length DNA string x, d H (x, x r ) < n, A cf,GC,r,rc 4
(n, n, ⌊n/2⌋) = 2 if n is odd, 4 if n is even.
Hence, the values A cf,GC,r,rc 4
(n, n, ⌊n/2⌋) are also tight for d H = n (= 1, 2, 3 . . . , 10) in the Table II. In Table II Table I .
Note that the values in Table I , [33] are the lower bounds for maximum size of DNA codes satisfying GC content constraint and free from homopolymers, and in Table II , [31] are lower bounds for maximum size of DNA codes satisfying GC content and reverse-complement constraints, on the other hand, values listed in Table II 
IV. MAPPING AND THEIR PROPERTIES
In spite of the fact that the frequency of occurrence of slipped-strand mispairing errors in a complete conflict free DNA string is less then in a ℓ conflict free DNA string, the chances of occurrence of these errors is significantly low in a ℓ conflict free DNA string for a sufficiently large ℓ. On the other hand, the computational complexity of Construction 8 is high. Therefore, to sidestep the computational approach, a recursive mapping is defined algebraically in this section which ensures that the obtained DNA strings will be ℓ conflict free. Moreover, DNA codes satisfying all the constraints are also studied with respect to the mapping in this section. For example, one can obtain the mapping f as given in Table IV (b) by considering x = CG and y = AT for ℓ = 2. One can read the table as f (CG, 0) = AT and the rest follows. 2, 3, . . . , n and u 1 = h(a 1 ) , where h : {0, 1} → 
Encoding 15. For positive integers n and ℓ, consider a mapping f as defined in the Definition 14. A binary string
For example, consider the mapping as given in Table IV(b) and u 1 = x. The binary string (0 1 1) is encoded into the DNA string (x y c x c ) = CGT AGC. The following Theorem ensures that the encoded DNA strings obtained from the mapping will be conflict free.
Theorem 16. For a positive integers ℓ, if x, y ∈ Σ ℓ DN A such that each DNA string in the set {(x y * x * y * ), (y x * y * x * ) : x * ∈ {x, x c } and y * ∈ {y, y c }} is 2ℓ − 1 conflict free then any binary string will be encoded into a 2ℓ − 1 conflict free DNA string using Encoding 15. Proof: From the Remark 6, if any DNA string in the set {(x y * x * y * ), (y x * y * x * ) : x * ∈ {x, x c } and y * ∈ {y, y c }} is 2ℓ − 1 conflict free then all the DNA substrings (x * y * x * y * ) and (y * x * y * x * ) are also 2ℓ − 1 conflict free. Therefore, in the encoded DNA string u = (u 1 u 2 . . . u n ) (using Encoding 15), for 1 ≤ i ≤ n − 3, consider (u i u i+1 u i+2 u i+3 ), which is also 2ℓ − 1 conflict free, where u i ∈ {x, x c , y, y c } and the proof follows. Proof: From Remark 4, if (x y x) is free from reversecomplement sub-string(s) then all of the corresponding strings (x c y c x c ), (y x y) and (y c x c y c ) will be free from reversecomplement sub-string(s). Similarly remaining all 12 triplets are also free from reverse-complement sub-string(s). Hence, from Definition 3 and Encoding 15, the encoded DNA string obtained from any binary string will be free from hairpin like secondary structure.
The Theorem 19 imposes a condition on binary strings such that the encoded DNA strings will be complete conflict free. . . a n ) is a binary string such that 2µ < λ+2µ i=λ+1 (a i a 2µ+i +ā iā2µ+i ) for each positive even integer 2µ from the set {1, 2, . . . , ⌊n/2⌋} and λ = 0, 1, . . . , n − 2µ then the binary string a will be encoded (using Encoding 15) into a complete conflict free DNA string of length nℓ.
Proof: Consider a binary string a = (a 1 a 2 . . . a n ) which is encoded into DNA string u = (u 1 u 2 . . . u n ) using Encoding 15. For each positive even integer 2µ from the set {1, 2, . . . , ⌊n/2⌋}, the DNA block u 2µ+i ∈ {u i , u c i }. For any binary symbol a i , a 2µ+i ∈ {0, 1},
i=1 (a i a 2µ+i +ā iā2µ+i ) = 2µ if and only if a i = a 2µ+i for each i = 1, 2, . . . , 2µ. If the origin is shifted with λ, and 2µ < λ+2µ i=λ+1 (a i a 2µ+i +ā iā2µ+i ) for each λ and µ, then from Encoding 15 and Proposition 17, the encoded DNA string will be a complete conflict free.
The GC content of encoded DNA string is calculated in the following lemma.
Lemma 20. For positive integers n and ℓ, consider x, y ∈ Σ ℓ DN A with GC content g x and g y . For the encoded DNA string u = (u 1 u 2 . . . u n ) ∈ {x, x c , y, y c } n using Encoding 15, the GC content of u will be
where u 1 ∈ {x, x c }.
Proof: For positive integers n and ℓ (< n), let a binary string a = (a 1 a 2 . . . a n ) ∈ {0, 1} n be encoded into some u = (u 1 u 2 . . . u n ) ∈ {x, x c , y, y c } n using Encoding 15. In the Encoding 15, if u 1 ∈ {x, x c } then DNA blocks u 2j ∈ {y, y c } and u 2j+1 ∈ {x, x c }, for 1 ≤ 2j, 2j + 1 ≤ n. Since, the GC content of a DNA string and its complement DNA string are the same, the GC content of each sub-string (u 2j u 2j+1 ) is g x + g y . Hence, if n is even, the GC content of the encoded DNA string u is g u = (g x + g y )n/2 and if n is odd then g u = g x + (g x + g y )(n − 1)/2. Lemma 20 , if u 1 ∈ {y, y c } then
Remark 21. Note that in
The following Theorem ensures that the GC content of the encoded DNA string (using Encoding 15) is almost 50% of the length. a 1 a 2 . . . a n ) is encoded into some u ∈ {x, x c , y, y c } n then the binary string (ā 1 a 2 . . . a n ) is encoded into u c , whereā 1 is the binary complement of a 1 .
Proof: The proof is done using induction on the index
, for each z ∈ {x, x c , y, y c }, from Definition 14. Consider the binary strings (a 1 a 2 a 3 . . . a n ) and (ā 1 a 2 a 3 . . . a n ) , that are encoded into some DNA strings (u 1 u 2 u 3 . . . u n ) and
. Therefore, from induction, the binary strings (a 1 a 2 a 3 . . . a n ) and (ā 1 a 2 a 3 . . . a n ) are encoded into DNA strings which are complement to each other. Similarly, the analogous statement for reverse can be proved using induction.
In the following two theorems, the hamming distance between two DNA strings is calculated for binary strings with hamming distance 1 and 2.
Theorem 24. For positive integers n and ℓ, consider the binary strings a = (a 1 a 2 . . . a n ) and b = (a 1 a 2 . . . a i−1āi a 
Proof:
Consider the binary strings
Theorem 25. For positive integers n and ℓ, consider the binary strings a = (a 1 a 2 . . . a n ) and b = (a 1 a 2 . . . a i−1āi a i+1 . . . a j−1āj a j+1 . . . a n ) (1 ≤ i < j ≤ n) that are encoded into DNA strings u = (u 1 u 2 . . .
Proof: The proof is similar to the theorem and follows from the fact that for any DNA string x, (x c ) c = x. The following theorem provides a bound on between Hamming distance on binary strings and the encoded DNA strings. . So we can derive,
Hence the proof follows.
In order to establish the proposed mapping as an isometry from the set of binary strings to set of DNA strings, where Hamming distance is taken for the set of DNA strings, we introduce a new distance between two binary strings in the following definition.
Definition 27. For a positive integer n and alphabet set Σ of size q, let a = (a 1 a 2 . . . a n ) ∈ Σ n and b = (b 1 b 2 . . . b n ) ∈ Σ n be two vectors of length n. For a set P = {i : a i = b i , 1 ≤ i ≤ n and a i , b i ∈ Σ}, consider the support set S such that
where ℓ is a positive integer. Proof: The theorem is proved using induction on the string length n. The base case, n = 1, is obvious from Definition 27. For the inductive step, assume that the distance is preserved for n = k, where a = (a 1 a 2 . . . a k ) and b = (b 1 b 2 . . . b k ) with the support set S, are encoded into DNA strings u = (u 1 u 2 . . .
) with the support set S ′ , where a k+1 , b k+1 ∈ {0, 1}. Let the strings a and b be encoded into DNA strings 
Note that all the four cases follows from the Theorem 26. Hence the result follows. For positive integers n and ℓ (< n), consider a subset C ⊆ {0, 1} n . Each binary string from the set C is encoded using the Encoding 15, and the set of all encoded DNA strings is denoted by f (C ). 
c ) ≥ nℓ/2 and hence the proof follows. Proof: Consider a binary linear code containing the codeword (1 0 0 . . . 0) of length n. For any codeword a = (a 1 a 2 . . . a n ) of the binary linear code, (1 0 0 . . . 0) + (a 1 a 2 . . . a n ) = (ā 1 a 2 . . . a n ) = b is also a codeword of the code. Therefore, from Theorem 23, for each binary codeword a, there exists a binary codeword b such that the encoded DNA strings from a and b will be complement to each other. Hence, by the distance property, the theorem is proved. 
Proof: For x, y ∈ Σ ℓ DN A , let the binary strings a, b ∈ {0, 1} n of length n be encoded into DNA strings
n ) is the collection of all possible DNA strings such that obtained DNA blocks will be from {u 2 , u 
). Now two cases may arise.
Case 1: If n is odd then j and n − j + 1 both are either even or odd. If both j and n − j + 1 are even then u j , v n−j+1 ∈ {u 2 , u c 2 }, and if both j and n − j + 1 are odd then u j , v n−j+1 ∈ {u 1 , u c 1 }. Therefore, u, v r ∈ f ({0, 1} n ) and, from Encoding 15,
If n is even then the parity j and n − j + 1 will be different. So, for even j, u j ∈ {u 2 , u c 2 } and v n−j+1 ∈ {u 1 , u c 1 }, and, for odd j, u j ∈ {u 1 , u c 1 } and v n−j+1 ∈ {u 2 , u c 2 }. Therefore, from Encoding 15 and the fact that, for any
Hence the result follows for every n. 
Then, the DNA codes constructed using Encoding 15 will satisfy the reverse constraint. Proof: For a positive integer n, if S ⊆ {1, 2, . . . , n, n+1} is a set with even cardinality such that, for each s j ∈ S (j = 1, 2, . . . , |S| − 1), s j < s j+1 then one can observe that
From the Definition 27, d H (a, b) ∈ {|S|, |S| − 1}, and therefore, the proof follows. In the following theorem, a constraint on binary string is imposed in such a way that the encoded DNA string will be complete conflict free.
Theorem 37. For positive integers n, ℓ and any positive even integer 2µ ∈ {1, 2, . . . , ⌊n/2⌋}, consider a binary code with codeword length n, such that for each codeword (a 1 a 2 . . . a n ), 2µ < λ+2µ i=λ+1 (a i a 2µ+i +ā iā2µ+i ), where λ = 1, 2, . . . , n − 2µ. Then there exists a complete conflict free DNA code with codeword length nℓ.
Proof: The proof follows from Definition 13 and Theorem 19.
V. CONFLICT FREE DNA CODES
For each positive integer ℓ = 2, 3 . . . 7, all different possibilities of (x, y) are computed in Table VII . Considering any pair (x, y) from Table VII, the obtained DNA code will satisfy the Hamming, reverse, reverse-complement and ⌊nℓ/2⌋-GC content constraints. Moreover, each DNA codeword obtained from the encoding will be 2ℓ − 1 conflict free.
For x = ACT and y = CT G, the DNA code obtained from [7, 4, 3] binary Hamming code is given in Table VI. For various binary codes, the parameters of encoded DNA codes are listed in Table V .
A. Reed-Muller code:
The binary Reed 
